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current crosses the area bounded by a circular path where r > R,. This argument also holds when
r < Ry; thatis, in the region within the inner cylinder. All the magnetic energy of the cable is therefore

stored between the two conductors. Since the energy density of the magnetic field is

we = B _ pol?
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the energy stored in a cylindrical shell of inner radius r, outer radius r + dr, and length [ (see part (c) of
the figure) is

_B% _ pol?
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Thus, the total energy of the magnetic field in a length I of the cable is
R Ry
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and the energy per unit length is (uq/ 2/477)1n(R 2/R}).

b. From Equation 14.22,

1752
U—2LI,

where L is the self-inductance of a length I of the coaxial cable. Equating the previous two equations, we
find that the self-inductance per unit length of the cable is

L —ﬂln&

T - 2w Rl ’
Significance

The inductance per unit length depends only on the inner and outer radii as seen in the result. To increase the
inductance, we could either increase the outer radius (R,) or decrease the inner radius (R ). In the limit as the

two radii become equal, the inductance goes to zero. In this limit, there is no coaxial cable. Also, the magnetic
energy per unit length from part (a) is proportional to the square of the current.

14.6 Check Your Understanding How much energy is stored in the inductor of Example 14.2 after the
current reaches its maximum value?

14.4 | RL Circuits

Learning Objectives

By the end of this section, you will be able to:

* Analyze circuits that have an inductor and resistor in series
* Describe how current and voltage exponentially grow or decay based on the initial conditions

A circuit with resistance and self-inductance is known as an RL circuit. Figure 14.12(a) shows an RL circuit consisting
of a resistor, an inductor, a constant source of emf, and switches S; and S,. When S, is closed, the circuit is equivalent

to a single-loop circuit consisting of a resistor and an inductor connected across a source of emf (Figure 14.12(b)). When
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S, is opened and S, is closed, the circuit becomes a single-loop circuit with only a resistor and an inductor (Figure
14.12(c)).

I(t) A

Figure 14.12 (a) An RL circuit with switches S 1 and S,.

(b) The equivalent circuit with S| closed and S, open. (c) The

equivalent circuit after S; is opened and S, is closed.

We first consider the RL circuit of Figure 14.12(b). Once S is closed and S, is open, the source of emf produces a

current in the circuit. If there were no self-inductance in the circuit, the current would rise immediately to a steady value
of &/R. However, from Faraday’s law, the increasing current produces an emf V; = —L(dI/dt) across the inductor. In

accordance with Lenz’s law, the induced emf counteracts the increase in the current and is directed as shown in the figure.
As a result, I(t) starts at zero and increases asymptotically to its final value.

Applying Kirchhoff’s loop rule to this circuit, we obtain

e—14L _ R =, (14.23)
dr

which is a first-order differential equation for I(t). Notice its similarity to the equation for a capacitor and resistor in series

(See RC Circuits). Similarly, the solution to Equation 14.23 can be found by making substitutions in the equations
relating the capacitor to the inductor. This gives

1) = §(1 - e M) = 21 - L) (14.24)

where

1, =LIR (14.25)

is the inductive time constant of the circuit.

The current I(t) is plotted in Figure 14.13(a). It starts at zero, and as ¢ — oo, I(t) approaches &/R asymptotically. The
induced emf V() is directly proportional to dlI/dt, or the slope of the curve. Hence, while at its greatest immediately after

the switches are thrown, the induced emf decreases to zero with time as the current approaches its final value of €/R. The
circuit then becomes equivalent to a resistor connected across a source of emf.
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Figure 14.13 Time variation of (a) the electric current and (b) the magnitude of the induced voltage across the coil in the
circuit of Figure 14.12(b).

The energy stored in the magnetic field of an inductor is

v =L (14.26)

Thus, as the current approaches the maximum current &/R, the stored energy in the inductor increases from zero and

asymptotically approaches a maximum of L(s/R)2 /2.

The time constant 7, tells us how rapidly the current increases to its final value. At f = 7;, the current in the circuit is,

from Equation 14.24,
I(zp) = £(1 - e = 0.63%, (14.27)

which is 63% of the final value €/R. The smaller the inductive time constant 7; = L/R, the more rapidly the current

approaches &/R .

We can find the time dependence of the induced voltage across the inductor in this circuit by using V;(f) = —L(dI/dt) and
Equation 14.24:

—t/
— _ee L (14.28)

The magnitude of this function is plotted in Figure 14.13(b). The greatest value of L(dI/dt)is ¢e; it occurs when dI/dt is
greatest, which is immediately after S; is closed and S, is opened. In the approach to steady state, dI/dt decreases to zero.

As aresult, the voltage across the inductor also vanishes as t — oco.

The time constant 7; also tells us how quickly the induced voltage decays. At t=17;, the magnitude of the induced

voltage is
[Vi(zp)| = ee™! = 0.37¢ = 0.37V(0). (14.29)

The voltage across the inductor therefore drops to about 37% of its initial value after one time constant. The shorter the
time constant 7;, the more rapidly the voltage decreases.

After enough time has elapsed so that the current has essentially reached its final value, the positions of the switches in
Figure 14.12(a) are reversed, giving us the circuit in part (c). At t =0, the current in the circuit is 7(0) = &/R. With

Kirchhoff’s loop rule, we obtain

IR+14L =0, (14.30)

dr ~

The solution to this equation is similar to the solution of the equation for a discharging capacitor, with similar substitutions.
The current at time t is then
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—1/

The current starts at /(0) = &/R and decreases with time as the energy stored in the inductor is depleted (Figure 14.14).

The time dependence of the voltage across the inductor can be determined from V; = —L(dlI/dt):
V(1) = e 7L (14.32)

This voltage is initially V;(0) = €, and it decays to zero like the current. The energy stored in the magnetic field of the

inductor, LI*/2, also decreases exponentially with time, as it is dissipated by Joule heating in the resistance of the circuit.

[
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Figure 14.14 Time variation of electric current in the RL
circuit of Figure 14.12(c). The induced voltage across the coil
also decays exponentially.

Example 14.4

An RL Circuit with a Source of emf
In the circuit of Figure 14.12(a), let € =2.0V, R=4.0Q, and L =4.0H. With S; closed and S, open

(Figure 14.12(b)), (a) what is the time constant of the circuit? (b) What are the current in the circuit and the
magnitude of the induced emf across the inductorat t =0, att=2.0r;,andas t - oo ?

Strategy

The time constant for an inductor and resistor in a series circuit is calculated using Equation 14.25. The current
through and voltage across the inductor are calculated by the scenarios detailed from Equation 14.24 and
Equation 14.32.

Solution
a. The inductive time constant is

b. The current in the circuit of Figure 14.12(b) increases according to Equation 14.24:
10 =51-¢"".
At t=0,
(=e"y=(1=1)=0; s0I(0)=0.
At t =2.0r; and t - oo, we have, respectively,

12.07) = 5(1 - 2% = (0.50 A)(0.86) = 0.43 A,

and

I(00) =£ =050 A.
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From Equation 14.32, the magnitude of the induced emf decays as

—t/
V(0] =ee L.

Att=0,¢t=207;, and ast — oo, we obtain

V()] = £=20V,
V207, = QoV)e20=027V
and
[V, () = O.

Significance

If the time of the measurement were much larger than the time constant, we would not see the decay or growth
of the voltage across the inductor or resistor. The circuit would quickly reach the asymptotic values for both of
these. See Figure 14.15.
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Figure 14.15 A generator in an RL circuit produces a square-pulse output in which the voltage oscillates between
zero and some set value. These oscilloscope traces show (a) the voltage across the source; (b) the voltage across the
inductor; (c) the voltage across the resistor.

Example 14.5

An RL Circuit without a Source of emf

After the current in the RL circuit of Example 14.4 has reached its final value, the positions of the switches are
reversed so that the circuit becomes the one shown in Figure 14.12(c). (a) How long does it take the current
to drop to half its initial value? (b) How long does it take before the energy stored in the inductor is reduced to
1.0% of its maximum value?

Strategy

The current in the inductor will now decrease as the resistor dissipates this energy. Therefore, the current falls
as an exponential decay. We can also use that same relationship as a substitution for the energy in an inductor
formula to find how the energy decreases at different time intervals.

Solution
a. With the switches reversed, the current decreases according to

—if —if
1) = £e "L _ j0ye "L,

At a time t when the current is one-half its initial value, we have

t/

1(t) = 0.50[(0) so e L=0.50,

and
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t = —[In(0.50)]r; = 0.69(1.0s) = 0.69 s,

where we have used the inductive time constant found in Example 14.4.

The energy stored in the inductor is given by

2
—t/ 2 24
UL = AP = %L(%e ’L) = %e °L,

If the energy drops to 1.0% of its initial value at a time t, we have

Le? ~2p Le?
U;(t) =(0.010)U;(0) or ==e¢ = (0.010)==.

L B oR? 2R?

Upon canceling terms and taking the natural logarithm of both sides, we obtain

—72—1{ = 1n(0.010),

SO

t= —%TLIH(O.(HO).

Since 7; = 1.0's, the time it takes for the energy stored in the inductor to decrease to 1.0% of its initial

value is

t= — %(1.0 $)In(0.010) = 2.3 s.

Significance

This calculation only works if the circuit is at maximum current in situation (b) prior to this new situation.
Otherwise, we start with a lower initial current, which will decay by the same relationship.

@ 14.7 Check Your Understanding Verify that RC and L/R have the dimensions of time.

=

=

14.8 Check Your Understanding (a) If the current in the circuit of in Figure 14.12(b) increases to 90% of
its final value after 5.0 s, what is the inductive time constant? (b) If R = 20 Q, what is the value of the self-
inductance? (c) If the 20-Q resistor is replaced with a 100-€ resister, what is the time taken for the current to
reach 90% of its final value?

149 Check Your Understanding For the circuit of in Figure 14.12(b), show that when steady state is
reached, the difference in the total energies produced by the battery and dissipated in the resistor is equal to the
energy stored in the magnetic field of the coil.
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